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Abstract
We revisit the perturbative S-matrix of c = 1 string theory from the worldsheet
perspective. We clarify the origin of the leg pole factors, the non-analyticity of the
string amplitudes, and the validity as well as limitations of earlier computations based
on resonance momenta. We compute the tree level 4-point amplitude and the genus
one 2-point reflection amplitude by numerically integrating Virasoro conformal blocks
with DOZZ structure constants on the sphere and on the torus, with sufficiently generic
complex Liouville momenta, and find agreement with known answers from the c = 1
matrix model.
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1 Introduction
The two-dimensional noncritical “c = 1” string theory has been an invaluable source of in-
spiration in the exploration of string dualities and quantum gravity for nearly three decades
(for reviews, see [1–5]). The perturbative excitations of the c = 1 string theory are massless
bosons in 1+1 dimensions that interact and scatter off a Liouville wall. The full perturbative
S-matrix (as well as its non-perturbative completion) was solved from the conjectured dual
matrix quantum mechanics (the “c = 1 matrix model”) in [6]. The string theory side of the
story has been much murkier. The tree level string S-matrix was computed by an analytic
continuation from “resonance momenta” in [7, 8], where the relevant Liouville correlators
were computed based on Coulomb gas integrals, and the result for the 1→ n amplitude has
been successfully matched with the matrix model answer. This agreement was somewhat
mysterious: firstly, the matrix model answer is only piecewise analytic in the momenta; sec-
ondly, the analogous resonance momenta computation for other amplitudes, such as the tree
level 2→ 2 scattering, fails to reproduce the anticipated answer from the matrix model. The
exact solution of Liouville structure constants was subsequently discovered in [9, 10], which
in principle allows for explicit evaluation of Liouville correlators by integration Virasoro con-
formal blocks. This has been applied to the study of c < 1 minimal string theory amplitudes,
or “minimal Liouville gravity”, in [11–16]. To the best of our knowledge, however, it has not
been systematically applied to the study of the S-matrix in c = 1 string theory.
In this paper, we will tie up a few loose ends on the tree level S-matrix in c = 1 string
theory, and extend the matching of the string theory and matrix model scattering amplitudes
to genus one. Firstly, we explain the origin of the so-called “leg pole factors” as simply a
result of proper normalization of physical vertex operators in the c = 25 Liouville theory on
the worldsheet of the string. After formulating the c = 1 string amplitude as an integral
of Virasoro conformal blocks, we will understand in detail the analytic property of the
amplitude in the Liouville momenta, and recover the known piecewise-analytic structure of
the S-matrix of the c = 1 matrix model. Indeed, the analytic continuation to resonance
momenta reduces the Liouville correlator on the sphere to that of the linear dilaton CFT,
multiplied by a normalization constant that may or may not diverge. Based on this, we
will explain precisely why the resonance computation produces the correct tree level 1→ 3
amplitude but not the 2→ 2 amplitude.
To explicitly compute the c = 1 string amplitude for general momenta, we resort to
the numerical approach. First, we evaluate the Liouville correlator by integrating the Vi-
rasoro conformal blocks multiplied by DOZZ structure constants over the internal Liouville
momenta. We then numerically integrate the Liouville correlators along with the c = 1
“matter” and ghost contributions to produce the string amplitude. For the tree level 4-point
amplitude, a key ingredient that allows for efficient computation is Zamolodchikov’s recur-
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sive representation of the sphere 4-point Virasoro conformal block [17,18]. A generalization
of such recursive representations to general Virasoro conformal blocks was found recently
in [19]. We will make use of two special cases of the formulae presented in [19] for torus
2-point blocks, in the OPE channel and in the necklace channel. These will be used in the
numerical evaluation of the Liouville torus 2-point function of the genus one contribution to
the 1→ 1 reflection amplitude in c = 1 string theory.
The 1→ n S-matrix of c = 1 string theory takes the form [2]
S1→n(ω;ω1, · · · , ωn) = δ
(
ω −
n∑
i=1
ωi
)
A1→n(ω1, · · · , ωn), (1.1)
where ω is the energy of the incoming massless particle, ω1, · · · , ωn are the energies of the
outgoing particles (after reflection from the Liouville wall). It is subject to the unitarity
condition ∫
ωi≥0,
∑n
j=1 ωj=ω
n∏
i=1
dωi
|A1→n(ω1, · · · , ωn)|2
ω ω1 · · ·ωn = 1 (1.2)
for every ω > 0. A1→n has a perturbative expansion
A1→n(ω1, · · · , ωn) =
∞∑
L=0
gn−1+2LA(L)1→n(ω1, · · · , ωn), (1.3)
where g is the string coupling, and A(L) represents the genus L string amplitude. From the
matrix model, one anticipates the answer
A(0)1→1 = ω, A(0)1→2 = iω1ω2ω, A(0)1→3 = iω1ω2ω3ω (1 + iω) , · · ·
A(1)1→1 =
1
24
(
iω2 + 2iω4 − ω5) , · · · (1.4)
where we have written ω =
∑n
i=1 ωi. We will reproduce the above results for A(0)1→3 and
A(1)1→1 from the string worldsheet by numerically integrating conformal blocks. Note that the
real part of A(1)1→1 is fixed by A(0)1→2 through perturbative unitarity. The agreement on the
imaginary part of A(1)1→1 is the first nontrivial test of the equivalence of the string S-matrix
with that of the matrix duality beyond the tree level S-matrix.
Let us note that the S-matrix of massless particles in 1+1 spacetime dimensions is ex-
tremely subtle. Usually in quantum field theory, in and out asymptotic states with real
physical momenta are defined as limits of far separated wave packets; such a separation of
wave packets is not available here. In [2, 6], the S-matrix as computed from the matrix
model is essentially defined through analytic continuation from complex momenta. This is
also technically necessary from the string worldsheet, in order to ensure the convergence of
the integration over moduli space of punctured Riemann surfaces. However, if we take the
3
real momenta limit, say ωi ∈ R + ii with i → 0, the result is generally sensitive to the
ordering of i. For instance, the tree level 2→ 2 amplitude takes the form1
A(0)2→2 = iω1ω2ω3ω4(1 + i Imax{ωj}), (1.5)
where ω1, · · · , ω4 are the energies of the incoming and outgoing particles, all of which are
taken to have positive real and positive imaginary parts, and Imax{ωj} is defined to be the
element with the largest imaginary part among {ω1, ω2, ω3, ω4}. The non-analytic feature of
(1.5) is in fact due to intermediate on-shell particles and is required by unitarity. We will
show that A(0)2→2 is nonetheless related to A(0)1→3 by a slightly unconventional crossing relation.
We will explain the validity of this analytic continuation from the structure of the conformal
block integral in the worldsheet computation.
The paper is organized as follows. In section 2 we review the general structure of the
S-matrix in c = 1 string theory, and summarize the results from the matrix model side. The
computation of the c = 1 string amplitudes on the sphere and torus will be discussed in
section 3 and 4 respectively. We conclude in section 5 with some future perspectives.
2 The structure of the perturbative S-matrix in c = 1
string theory
2.1 The worldsheet theory
The worldsheet formulation of the c = 1 string perturbation theory is based on a time-like
free boson X0 together with c = 25 Liouville theory and the b, c ghost system. The Liouville
CFT is governed by the action
SL =
1
4pi
∫
d2z
√
g
(
gmn∂mφ∂nφ+QRφ+ 4piµe
2bφ
)
, (2.1)
where the central charge is related to the background charge Q = b + b−1 by c = 1 + 6Q2.
The case of interest c = 25 corresponds to b = 1. The Virasoro primaries of Liouville CFT
are scalar operators VP labeled by the “Liouville momentum” P ∈ R≥0. VP has scaling
dimension ∆ = h + h˜ = Q
2
2
+ 2P 2. Our normalization convention is such that, in the
1This is consistent with the result obtained from Euclidean Green’s function in [2,6] for purely imaginary
momenta, but differs from some assertions in the literature for the Lorentzian amplitude (e.g. in [1,2,20,21])
where max{ωj} for real ωj was written in place of Imax{ωj} in (1.5). We believe this is due to ambiguities
in the definition of asymptotic states of multiple massless particles in c = 1 string theory.
4
φ→ −∞ limit (where the Liouville potential vanishes), VP takes the form2
VP ∼ S(P )− 12 e(Q+2iP )φ + S(P ) 12 e(Q−2iP )φ. (2.2)
Here S(P ) is the reflection phase
S(P ) = (piµγ(b2))
−2iP
b
γ(2iP
b
)
b2γ(−2iP b) , (2.3)
where γ(x) ≡ Γ(x)/Γ(1−x). With (2.2), the vertex operators VP are delta-function normal-
ized, i.e. their 2-point functions are
〈VP1(z, z¯)VP2(0)〉 = pi
δ(P1 − P2)
|z|∆1+∆2 . (2.4)
The 3-point functions are given by the DOZZ structure constants [9, 10]. Following the
convention of Appendix B of [22], we have
〈VP1(z1, z¯1)VP2(z2, z¯2)VP3(z3, z¯3)〉 =
[
piµγ(b2)b2−2b
2
]− Q
2b C(P1, P2, P3)
|z12|∆1+∆2−∆3|z23|∆2+∆3−∆1|z31|∆3+∆1−∆2 ,
(2.5)
where
C(P1, P2, P3) = Υ
′
b(0)
Υb(
Q
2
+ i(P1 + P2 + P3))
[
(Υb(2iP1)Υb(−2iP1)) 12
Υb(
Q
2
+ i(P2 + P3 − P1))
× (2 permutations)
]
.
(2.6)
Υb(x) is the Barnes double Gamma function, defined by (the analytic continuation of)
log Υb(x) =
∫ ∞
0
dt
t
[(
Q
2
− x
)2
e−t − sinh
2
[(
Q
2
− x) t
2
]
sinh tb
2
sinh t
2b
]
, 0 < Re(x) < Q. (2.7)
It has the useful properties
Υb(Q− x) = Υb(x),
Υb(x+ b) = γ(bx)b
1−2bxΥb(x),
Υb(x+ b
−1) = γ(b−1x)b
2x
b
−1Υb(x).
(2.8)
Furthermore, Υb(x) is an entire analytic function with simple zeroes at x = mb + n/b, for
integers m,n ≤ 0 or m,n ≥ 1.
2In the literature, such a vertex operator in Liouville theory would often be written as an “exponen-
tial operator” S(P )−
1
2 e(Q+2iP )φ, by analogy with linear dilaton CFT. We find this notation unnecessarily
misleading, and will simply use the notation VP instead.
5
The c = 25 Liouville CFT of interest is obtained by taking the b → 1 limit. In this
limit, the prefactor
[
piµγ(b2)b2−2b
2
]− Q
2b
in the 3-point function (2.5) looks singular, but it
can be absorbed by a rescaling of the Liouville cosmological constant µ, which amounts to a
renormalization of the string coupling. With this understanding, we will drop this prefactor,
and write (2.6) as the 3-point function coefficient of the Liouville primaries. In the b → 1
limit, it becomes
C(P1, P2, P3) = 1
Υ1(1 + i(P1 + P2 + P3))
[
2P1Υ1(1 + 2iP1)
Υ1(1 + i(P2 + P3 − P1)) × (2 permutations)
]
.
(2.9)
An interesting property that will be useful later is that, under analytic continuation of
Pi → −Pi, C(P1, P2, P3) flips sign.
The BRST cohomology classes corresponding to 1-particle asymptotic states are repre-
sented by vertex operators of the form
V±ω = gs :e±iωX
0
: VP=ω
2
. (2.10)
Here V+ω represents an incoming mode and V−ω an outgoing mode, of energy ω > 0. The
Liouville momentum P is identified with ω
2
, so that (2.10) is a weight (1, 1) Virasoro primary.
The perturbative string amplitudes are formulated as in the usual bosonic string theory. The
simplest nontrivial example is the tree level 1→ 2 scattering amplitude, computed by
〈cc˜V+ω (z1, z¯1)cc˜V−ω1(z2, z¯2)cc˜V−ω2(z3, z¯3)〉 = ig3sCS2δ(ω − ω1 − ω2)C
(ω
2
,
ω1
2
,
ω2
2
)
. (2.11)
The formula (2.9) drastically simplifies in the special case P3 = P1 + P2, giving the result
(using Υ1(1) = 1)
C
(ω
2
,
ω1
2
,
ω2
2
)
= ωω1ω2. (2.12)
Thus, we recover the matrix model answer for A(0)1→2 in (1.4) (with the identification g3sCS2 =
g). In the literature, this is a well known result, but it is often stated with an explicit
inclusion of “leg pole factors” [1, 2, 4]. Here we see that the leg pole factor is already taken
into account due to the normalization factor S(P )−
1
2 in the definition of VP , which was
needed to normalize the 2-point function of Liouville primaries.3
2.2 The dual matrix model
Before discussing the more general c = 1 string amplitudes from the worldsheet perspective,
let us briefly review the anticipated answer from the dual c = 1 matrix model. The c = 1
3The nature of the leg pole factor as a scattering phase was already pointed out in [1].
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matrix model is defined as a suitable N → ∞ limit of the U(N) gauged matrix quantum
mechanics with the Hamiltonian H = 1
2
Tr(P 2−X2), where X is a Hermitian N×N matrix on
which the U(N) gauge symmetry acts by the adjoint representation, and P is the canonically
conjugate momentum matrix. A commonly used equivalent formulation is the system of free
fermions subject to the Hamiltonian H = 1
2
(p2 − x2), filling the region x >√p2 + 2µ in the
phase space, for some µ > 0. This configuration is perturbatively stable, which suffices for
our discussion.4
The quasi-particles of the c = 1 matrix model that are dual to the asymptotic states
of the c = 1 string theory are collective excitations of the fermi surface. In the asymptotic
region x → ∞, collective excitations of the fermi surface travels exponentially fast in the
x coordinate. To identify them with the massless scalars in the φ → −∞ region of the
c = 1 string theory, one expects roughly an exponential map between the x coordinate of the
fermi sea excitation and the Liouville coordinate of the string mode. Detailed descriptions of
the collective excitations are given in [4,6,20,25–28]. Here we follow the approach of [6,27],
where the S-matrix of collective fields are extracted from the LSZ limit of the Green functions
of fermion density operators. Essentially, each asymptotic particle is traded with a pair of
fermion creation and annihilated operators, which are then contracted using the free fermion
Green function which includes a reflection factor
R(ω) = iµiω
[
(1 + ie−piω)Γ(1
2
− iω)
(1− ie−piω)Γ(1
2
+ iω)
] 1
2
. (2.13)
For instance, the exact 1→ 1 and 1→ 2 S-matrix elements are given by
A1→1(ω) =
∫ ω
0
dxR∗(µ− x)R(µ+ ω − x),
A1→2(ω1, ω2) =
∫ ω2
0
dxR∗(µ− x)R(µ+ ω − x)−
∫ ω
ω1
dxR∗(µ− x)R(µ+ ω − x), ω = ω1 + ω2.
(2.14)
Expanding (2.14) perturbatively in 1/µ, with the identification g = µ−1, one produces (1.4).
4There are various non-perturbative completions of the c = 1 matrix model. One particularly interesting
and extensively studied version is the type 0B matrix model [23,24].
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3 Tree level 4-point string amplitude from Liouville
correlator
3.1 The 1→ 3 amplitude
We begin with the tree level 1→ 3 amplitude in c = 1 string theory,∫
d2z
〈V+ω (z, z¯)V−ω1(0)V−ω2(1)V−ω3(∞)〉
= ig4sCS2δ
(
ω −
3∑
j=1
ωj
)∫
d2z|z|ωω1|1− z|ωω2
〈
Vω
2
(z, z¯)Vω1
2
(0)Vω2
2
(1)Vω3
2
(∞)
〉
Liouville
.
(3.1)
The Liouville 4-point function is given by〈
Vω
2
(z, z¯)Vω1
2
(0)Vω2
2
(1)Vω3
2
(∞)
〉
Liouville
=
∫ ∞
0
dP
pi
C(ω
2
,
ω1
2
, P )C(ω2
2
,
ω3
2
, P )FP (z)FP (z¯),
(3.2)
where C is the Liouville structure constant, as given by (2.9) with our normalization of vertex
operators. FP (z) is the holomorphic conformal block with internal weight corresponding to
Liouville momentum P , namely
FP (z) = F(1 + ω
2
4
, 1 +
ω21
4
, 1 +
ω22
4
, 1 +
ω23
4
; 1 + P 2|z) (3.3)
where F(h1, h2, h3, h3;h|z) is the sphere 4-point c = 25 Virasoro conformal block, with
external weights h1, · · · , h4 and internal weight h.
Naively, there is an immediate puzzle in comparison to the anticipated matrix model
answer: the matrix model amplitude A(0)1→3 as in (1.4) for real energies has both real and
imaginary parts, while the z-integral in (3.1) is formally real for real ω’s, and it would
seem that the two cannot possibly agree. The z-integral is a priori divergent and must be
regularized. We will see in section 3.1.2 that the regularized z-integral nonetheless fails to
converge for strictly real ω’s, leading to a non-analyticity of the string amplitude (3.1) at
real ω’s. The correct computation of the string amplitude requires a suitable i prescription
for the vertex operators representing in and out states, which amounts to giving imaginary
parts to the ω’s in (3.1). We will see that such a prescription will indeed produce a string
amplitude that agrees with the matrix model.
The integrand of (3.2) is analytic in ω, ω1, ω2, ω3 apart from poles coming from the struc-
ture constants. Thus, the amplitude A(0)1→3 given by the integral on the RHS of (3.1) can
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be analytically continued, modulo the possibility of poles in P crossing the P -integration
contour in (3.2), and the regularization prescription for the z-integration near z = 0, 1, and
∞. We further note that integrand of (3.2) changes sign if we analytically continue either
ω or one of the ωi’s to minus itself. This gives rise to the possibility of a certain crossing
symmetry for scattering amplitudes, to be discussed in section 3.2.
3.1.1 Analytic continuation of Liouville correlator
Let us first consider the analytic continuation of the Liouville correlator (3.2). The integrand
in P has poles located at
P = α + in, n = ±1,±2,±3, · · ·
where α =
±ω ± ω1
2
and
±ω2 ± ω3
2
(3.4)
from the structure constants.5 The integral is analytic in ω and ωi provided that the poles
(3.4) do not cross the P -contour. When some of the poles approach the P -contour, we can
deform the contour appropriately to avoid the poles, until the contour is pinched by a pair
of poles. For instance, maintaining ω = ω1 + ω2 + ω3, we may analytically continue in ω by
giving it an imaginary part, and deform the P -contour if necessary to avoid the poles. As
we take ω(= ω1 + ω2 + ω3)→ 2i, the pair of poles of C(ω2 , ω12 , P ) at
P =
ω + ω1
2
− i and −ω + ω1
2
+ i (3.5)
pinch the P -contour at P = ω1
2
. There is a further subtlety in this limit: the numerator
of C(ω
2
, ω1
2
, P ) as given by (2.9) has a double zero at ω = 2i; on the other hand, there is
another pole of C(ω2
2
, ω3
2
, P ) at P = −ω2+ω3
2
+ i that also approaches ω1
2
in the ω → 2i limit.
Their net effect is such that, in the ω → 2i limit, the contributions from the P -integral away
from P = ω1
2
vanishes, while a finite residue contribution at P = ω1
2
survives. This residue
contribution is proportional to a single conformal block with external weights 0, 1 +
ω2i
4
(i = 1, 2, 3), and internal weight 1 +
ω21
4
. This conformal block is simply equal to 1, and the
Liouville correlator reduces to a 3-point function, namely
lim
ω=ω1+ω2+ω3→2i
〈
Vω
2
(z, z¯)Vω1
2
(0)Vω2
2
(1)Vω3
2
(∞)
〉
Liouville
= lim
ω=ω1+ω2+ω3→2i
(−2i) Res
P→ω+ω1
2
−iC(
ω
2
,
ω1
2
, P )C(ω2
2
,
ω3
2
, P )FP (z)FP (z¯)
= −4
3∏
j=1
Γ(1− iωj)
Γ(1 + iωj)
.
(3.6)
5The conformal block has poles at P = in/2 for integer n ≥ 2, with multiplicity 2(n− 1) (from both the
holomorphic and the anti-holomorphic parts), but they are canceled by the zeroes of the structure constants
of multiplicity 2n.
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This is a special case of resonance momenta, where the Liouville correlator reduces to that
of the corresponding linear dilaton CFT. While this analytic continuation is correct at the
level of the Liouville correlator, it is not immediately obvious that it is compatible with
the regularization needed in defining the moduli integral (3.1). If we naively analytically
continue the moduli space integrand in (3.1) to ω = 2i, the resulting amplitude is
g2A(0)1→3
∣∣∣
ω1+ω2+ω3=2i
= −4ig4sCS2
3∏
j=1
Γ(1− iωj)
Γ(1 + iωj)
∫
d2z |z|2iω1 |1− z|2iω2 = 4pig4sCS2ω1ω2ω3
(3.7)
While not immediately obvious (due to the need of regularizing the z-integral), it will be
justifed shortly that this is in fact the correct analytic continuation of the tree level 1 → 3
amplitude from the physical domain. For now, let us note that the result agrees with that
of the matrix model (1.4) for A(0)1→3 when the latter is analytically continued to ω = 2i,
provided that we identify 2pig4sCS2 = g
2. Combining with the 3-point amplitude, we can fix
the normalization
g = 2pigs, CS2 =
2pi
g2s
. (3.8)
3.1.2 Regularization of moduli integral
Let us now turn to the regularization of the z-integral in (3.1). The latter has potential
divergences from the vicinity of z = 0, 1, and∞. In higher dimensional string theories, such
divergences are regularized easily by analytic continuation in the momenta. The special
kinematics of the 1 + 1 dimensional S-matrix in c = 1 string theory makes the analytic
continuation in momenta rather subtle, even for tree level amplitudes. We will regularize the
z-integral by explicitly subtracting off counter terms from the integrands, that is compatible
with analyticity in the momenta. The basic idea is very simple: consider for instance the
integral ∫
d2z|z|x−2θ(1− |z|2) = 2pi
x
(3.9)
for Re(x) > 0. Its analytic continuation in x can be obtained by adding a “counter term”,
namely, ∫
d2z|z|x−2 [θ(1− |z|2)− 1] = 2pi
x
(3.10)
now holds for Re(x) < 0.
To regularize the string amplitude, consider the vicinity of z = 0, where we can write the
z-integral using the OPE of Liouville vertex operators in the form∫
d2z
∫ ∞
0
dP
pi
C(ω
2
,
ω1
2
, P )C(ω2
2
,
ω3
2
, P )|z|−2− 12 (ω−ω1)2+2P 2
∞∑
n,m=0
an,mz
nz¯m, (3.11)
10
where a0,0 = 1, and an,m’s are rational functions of internal and external weights, and
thus are rational functions in ω, ωi, and P . The z-integral is a priori divergent for P
2 <
1
4
Re((ω − ω1)2). In particular, this divergence is always present in the physical domain,
where ω and ω1 are real. We regularize this divergence by introducing a counter term in the
z-integrand, that amounts to removing the terms proportional to an,m in (3.11) with
n = m <
1
4
Re((ω − ω1)2)− P 2. (3.12)
This “s-channel” counter term for the integrand is
Rs =
∑
0≤n≤ 1
4
Re((ω−ω1)2)
an,n
∫ √ 1
4
Re((ω−ω1)2)−n
0
dP
pi
C(ω
2
,
ω1
2
, P )C(ω2
2
,
ω3
2
, P )|z|−2− 12 (ω−ω1)2+2P 2+2n.
(3.13)
We will also need to include counter terms for the t and u channel OPEs
Rt = Rs|z→z−1, ω1↔ω2 , Ru = |z|−4
(
Rs|z→1/z, ω1↔ω3
)
. (3.14)
The full regularized z-integral for the 1→ 3 amplitude is∫
d2z
[
|z|ωω1 |1− z|ωω2
〈
Vω
2
(z, z¯)Vω1
2
(0)Vω2
2
(1)Vω3
2
(∞)
〉
Liouville
−Rs −Rt −Ru
]
. (3.15)
Importantly, the string amplitude should be computed with an i prescription that assigns
positive imaginary parts to the physical energies of incoming and outgoing asymptotic states.
Our regularization preserves analyticity of the amplitude in the momenta, provided that
Im((ω − ωi)2) do not cross zero where Re((ω − ωi)2) > 0, for i = 1, 2, 3. This analyticity
criterion is equivalent to Im(ω − ωi) 6= 0. When Im(ω − ωi) approaches zero, the regulated
z-integrand contains a term of the form∫ ∞
P∗
dP f(P )|z|−2+2(P 2−P 2∗ ) ∼ − f(P∗)
4P∗|z|2 log |z| (3.16)
near z = 0 (or an analogous expression related by crossing near z = 1 or∞), for some P∗ > 0,
which leads to a log log divergence in the z-integral. This is the source of the non-analytic
behavior of the amplitude. Such non-analyticity does not show up in the tree level 1 → 3
amplitude in the physics domain, but it will affect the 2→ 2 amplitude and in fact leads to
ambiguities in the physical domain, as we now discuss.
3.2 The 2→ 2 amplitude and crossing symmetry
The tree level 2→ 2 amplitude is given by∫
d2z
〈V+ω1(z, z¯)V+ω2(0)V−ω3(1)V−ω4(∞)〉 (3.17)
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with the same regularization prescription as above. Formally, it can be obtained as minus
the 1 → 3 amplitude with one of the outgoing energies ωi analytically continued to minus
itself. Namely,
A(0)({ω1, ω2} → {ω3, ω4}) = −A(0)({ω1} → {−ω2, ω3, ω4}), (3.18)
provided that the continuation ω2 → −ω2 can be achieved while maintaining
Im(ω1 + ω2), Im(ω1 − ω3), Im(ω1 − ω4) > 0. (3.19)
The rather unusual minus sign on the RHS of (3.18) is a consequence of the analytic property
of Liouville structure constants (2.9). This analytic continuation is indeed possible when
Im(ω1) is the largest among {Im(ωj), j = 1, 2, 3, 4} (all of which are taken to be positive),
and leads to the result (1.5).
Note that (1.5) is ambiguous in the real momenta limit, as the answer is sensitive to
the ordering of the imaginary parts of ωj. This is due to ambiguities in the definition of
asymptotic states of massless particles in 1+1 dimensions.
In fact, we can understand the non-analyticity in the amplitude as follows. As a function
of complex energies, (1.5) is non-analytic along the locus ωi−ωj ∈ R for some ωi labeling the
energy of an incoming particle and ωj that of an outgoing particle. This occurs precisely when
an intermediate particle goes on-shell. For instance, if ω1 − ω3 ∈ R>0, a particle propagates
with real positive energy in the t-channel. The discontinuity of A(0)2→2 as Im(ω1−ω3) changes
from negative to positive across zero is given by
discA(0)2→2 = ω1ω2ω3ω4(ω1 − ω3). (3.20)
It is generally expected from unitarity that such a discontinuity should be captured by the
factorized amplitude through the intermediate on-shell particle. Indeed, (3.20) precisely
agrees with the discontinuity of∫ ∞
0
dω
2pi
i
ω
A(0)1→2(ω1 → {ω, ω3})A(0)2→1({ω2, ω} → ω4)
ω1 − ω3 − ω ,
(3.21)
as ω1 − ω3 crosses the positive real axis.
3.2.1 Resonance momenta
Let us comment on the analytic continuation of the 2→ 2 amplitude to resonance momenta,
which amounts to taking ω1 + ω2 = ω3 + ω4 = 2i(1 − ), and send  → 0+. Writing the
Liouville correlator via its conformal block decomposition in the 12→ 34 channel, provided
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that we keep Im(ωi) > 0 for all i, no poles would have crossed the contour and thus the
P -integration contour remains along the real axis. In the  → 0+ limit, the double poles
of the structure constants at P = ±ω1+ω2
2
∓ i = ±ω3+ω4
2
∓ i pinch the contour at P = 0.
There is also a double zero at P = 0 from the structure constants. The net result is that
the Liouville 4-point function in the → 0+ limit is dominated by the contribution from the
contour integral near P = 0, giving the linear dilaton 4-point function up to a normalization
factor that diverges like 1/.
This does not imply that the 2→ 2 string tree amplitude at the resonance momenta can
be computed from the linear dilaton correlator, however. Firstly, the moduli z-integral of the
linear dilaton 4-point function together with the time-like free boson contribution vanishes
like  in the resonance limit (this vanishing was remarked in [2], for instance). This cancels
the above mentioned 1/ divergence and would produce a finite contribution. However, we
cannot ignore the contribution from the rest of the P -integral, which, unlike the 1 → 3
resonance amplitude considered in section 3.1.1, does not vanish in the → 0+ limit. Thus,
even after analytic continuation to resonance momenta, the 2→ 2 amplitude does not reduce
to the contribution from a single Virasoro conformal block.
3.3 Numerical results
We now compute numerically the tree level 1→ 3 amplitude in c = 1 string theory at generic
complex momenta, and compare with the matrix model results. As already discussed, the
string amplitude, defined by the regularized moduli z-integral, is expected to be analytic in
the domain
Im(ω − ωi) > 0, i = 1, 2, 3. (3.22)
The z-integral is manifestly convergent for Re((ω − ωi)2) < 0. In order to access the “phys-
ical” kinetic regime, i.e. Re(ωi) > 0 with i prescription obeying (3.22), we need to move to
the domain Re((ω − ωi)2) > 0 which requires regularization of the z-integrand as discussed
in section 3.1.2.
The sphere 4-point Virasoro conformal blocks are computed using Zamolodchikov’s re-
cursion relation [17, 18], as an expansion in the elliptic nome q, related to the cross ratio z
by q = E(z),
E(x) = exp
[
−piK(1− x)
K(x)
]
, where K(x) = 2F1(
1
2
,
1
2
, 1|x). (3.23)
The q-expansion of the conformal block converges on the entire complex z-plane, except for
the singular points z = 1 and ∞. The Liouville 4-point functions are then evaluated by
numerically integrating the Virasoro conformal blocks with the DOZZ structure constants.
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Figure 1: Numerical results for the string tree level amplitude−iA(0)1→3 computed for ω ∈ iR>0
and ω1 = ω2 = ω3 = ω/3 (red dots), compared to the matrix model result −iA(0)1→3 =
ωω1ω2ω3(1 + iω) (blue dashed line).
This results in a z-integrand that is covariant with respect to the crossing transformations
z → 1− z and z → 1/z. It suffices to perform the z-integral over the domain D = {|z− 1| <
1,Re(z) < 1
2
}, and recover the contribution from the rest of the z-plane by crossing symmetry.
This is useful since the conformal block expansion is in small q (or z). For a more detailed
discussion see appendix C.2 of [29].
To begin with, we consider purely imaginary momenta, with Imω > 0 and restrict to the
special case ω1 = ω2 = ω3 = ω/3. As we analytically continue the Liouville 4-point function
from real momenta, provided that Im(ω+ωi) =
4
3
Imω < 2, no poles of the structure constants
cross the P -integration contour and thus (3.2) remains valid. The z-integral manifestly
converges in this case. We truncate the Virasoro conformal blocks up to order 12 in the
q-expansion, and perform the integration over P and the moduli (z, z¯) numerically as above.
Some further technical details are discussed in Appendix B. The result, as shown in Figure
1, is in excellent agreement with the matrix model result for A(0)1→3 (1.4).
In Figure 2, we present the numerical results for the 1 → 3 string tree amplitude with
ω ∈ R>0 + i, specializing to ω1 = ω2 = ω3 = ω/3, for small positive . In this case, since
Re((ω−ωi)2) > 0, the regulator (3.13) is needed to perform the moduli z-integral. The result
is again in agreement with the matrix model answer (with less than 0.2% discrepancy).
Next, we consider 2→ 2 string tree amplitudes at generic complex momenta {ω1, ω2} →
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Figure 2: Numerical results for the real and imaginary parts of the string amplitude for
−iA(0)1→3 (red dots) in comparison to the matrix model answer (blue dashed line) for ω ∈
R>0 + i and ω1 = ω2 = ω3 = ω/3, with  = 0.01.
{ω3, ω4}, with the choice6
ω1 = r + ia, ω2 =
r
2
− ia
3
, ω3 =
r
4
+ i
a
3
, ω4 =
5r
4
+ i
a
3
, (3.24)
for a = 1.4 and a = 0.2 respectively, and varying real r. This is related to the 1 → 3
amplitude considered in Figure 1 and 2 by analytic continuation (where ω, ω1, ω2, ω3 are now
relabeled ω1,−ω2, ω3, ω4). Note that for r > 4a9 , the z-integral must be regularized according
to (3.15), which maintains analyticity of the amplitude. The numerical results are shown in
Figure 3, which indeed agrees with (1.5). Importantly, Imax{ωj} = ω1 picks out the complex
momenta with the largest imaginary part in (3.24), as anticipated from the general analytic
structure of the 4-point amplitude discussed earlier.
4 Genus one 2-point reflection amplitude
In this section we study the genus one contribution to the 1→ 1 S-matrix element in c = 1
string theory. As in the usual bosonic string perturbation theory, this amplitude is given by
(2pi)2
2
∫
F
d2τ
∫
T 2(τ)
d2z
〈
bb˜cc˜V+ω (z, z¯)V−ω′(0)
〉
T 2(τ)
= i
(2pi)2
2
g2sCT 2δ(ω − ω′)
∫
F
d2τ√
τ2
|η(τ)|2
×
∫
T 2(τ)
d2z
∣∣∣∣ 2pi∂zθ1(0|τ)θ1
( z
2pi
|τ
)
e
− (Imz)2
4piτ2
∣∣∣∣ω2 〈Vω2 (z, z¯)Vω2 (0)〉Liouville,T 2(τ) .
(4.1)
6Note that (1.5) also holds for either signs of Im(ωi) provided that we define the function Imax(ωi) to
pick out the ωi with largest |Im(ωi)|.
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Figure 3: Numerical results for the real and imaginary parts of the string amplitude for
−iA(0)2→2 (red dots) in comparison to the anticipated analytic result (1.5) (blue dashed line)
at the momenta (3.24), with varying 0 ≤ r ≤ 0.9. The parameter a that controls the
imaginary part of the energies is taken to be a = 1.4 in (a), (b) and a = 0.2 in (c), (d).
The z-integral is regularized as in (3.15) for r > 4a/9. The green dashed line in (c), (d)
corresponds to (1.5) with Imax{ωj} replaced by the ωj with the largest real part (namely ω4
for the momenta (3.24)), which clearly deviates from the string amplitude.
Here CT 2 is a normalization constant associated with the torus amplitude, which in principle
can be fixed in terms of the tree amplitudes via unitarity. We will show in section 4.3
that in fact CT 2 = 1. F is the PSL(2,Z) fundamental domain Im(τ) > 0, |Re(τ)| < 12 ,
|τ | > 1. The coordinate z on the torus is subject to the identification z ∼ z + 2pi ∼
z+ 2piτ .
〈
Vω
2
(z, z¯)Vω
2
(0)
〉
Liouville,T 2(τ)
is the torus 2-point function in Liouville CFT, that can
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be computed from the conformal block decomposition in either the OPE channel〈
Vω
2
(z, z¯)Vω
2
(0)
〉
Liouville,T 2(τ)
=
∫ ∞
0
dPdP ′
pi2
C(ω
2
,
ω
2
, P )C(P ′, P ′, P )
×FOPE(1 + ω
2
4
, 1 +
ω2
4
, 1 + P 2, 1 + P ′2; z, τ)FOPE(1 + ω
2
4
, 1 +
ω2
4
, 1 + P 2, 1 + P ′2; z¯, τ¯),
(4.2)
or the necklace channel〈
Vω
2
(z, z¯)Vω
2
(0)
〉
Liouville,T 2(τ)
=
∫ ∞
0
dP1dP2
pi2
(
C(ω
2
, P1, P2)
)2
×Fnecklace(1 + ω
2
4
, 1 +
ω2
4
, 1 + P 21 , 1 + P
2
2 ; z, τ)Fnecklace(1 +
ω2
4
, 1 +
ω2
4
, 1 + P 21 , 1 + P
2
2 ; z¯, τ¯).
(4.3)
Here FOPE(d1, d2, h, h′; z, τ) and Fnecklace(d1, d2, h1, h2; z, τ) are the OPE and necklace channel
Virasoro conformal blocks in the flat torus frame, as will be reviewed in section 4.2 below.
4.1 Limits of the moduli integral
The moduli integrand as a function of z and τ is potentially singular in the limits z → 0 or
τ → i∞. Let us analyze these two limits. For fixed generic τ , the z-integral in the vicinity
of z = 0 takes the form∫
d2z
∫ ∞
0
dP
pi
C(ω
2
,
ω
2
, P ) |z|−2+2P 2〈VP 〉Liouville,T 2(τ) (4.4)
Both C(ω
2
, ω
2
, P ) and the torus 1-point function 〈VP 〉Liouville,T 2(τ) have a simple zero at P = 0.
Thus the P -integral for small P produces a z-integrand of the form ∼ |z|−2(− log |z|)−3/2,
whose z-integral converges near z = 0.
Let us now inspect the large τ2 limit, for a generic fixed z. In this limit, the torus 2-point
function in the Liouville CFT is dominated by an integral of sphere 4-point functions with
the insertions of a pair of VP ’s with small Liouville momentum P . The τ2 →∞ limit of the
τ -integral takes the form∫
d2τ√
τ2
∫ P∗
0
dP
pi
e−4piτ2P
2 〈
Vω
2
(e−iz, eiz¯)Vω
2
(1)VP (0)VP (∞)
〉
Liouville,S2
(4.5)
The 4-point function involved again has a double zero at P = 0. Thus, the P -integral for
small P produces a τ -integrand that scales like τ−22 , giving a convergent τ -integral at large
τ2.
A potentially problematic limit, however, is when τ2 and Im(z) go to infinity simultane-
ously. Let us write Im(z) ≡ t1 and τ2 ≡ t1 + t2. In the regime t1, t2  1, the moduli integral
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looks like ∫ ∞ dt1dt2√
t1 + t2
exp
[
pit1t2
t1 + t2
ω2
] ∫ P∗
0
dP1dP2 P
2
1P
2
2 e
−4pit1P 21−4pit2P 22
∼
∫ ∞ dt1dt2
(t1t2)3/2
√
t1 + t2
exp
[
pit1t2
t1 + t2
ω2
]
.
(4.6)
We see that this integral is divergent for Re(ω2) > 0, and thus a suitable regularization is
needed to define (4.1) in the physical momentum regime. Alternatively, we can compute the
amplitude by analytic continuation from Re(ω2) < 0. In fact, if it weren’t for this divergence
at real ω, the moduli integral in (4.1) would be real, and could not possibly agree with
the matrix model answer for A(1)1→1 in (1.4) which has both real and imaginary parts. On
the other hand, the matrix model result for A(1)1→1 is purely imaginary when analytically
continued to ω ∈ iR, which agrees with the moduli integral in (4.1) being real and finite in
this case.
4.2 Torus conformal blocks
An efficient method of computing the torus Virasoro conformal blocks in question is the
c-recursive representation [17, 19, 30]. Rather than focusing on the c = 25 case, we will
consider the analytic continuation of the conformal blocks in c. For generic assignments of
external and internal weights, the Virasoro conformal block has only simple poles in c with
known residues, while the c → ∞ limit is given by the vacuum torus character multiplying
the corresponding global SL(2) conformal block. These properties combine to give a set of
recursion formulae that relates the Virasoro conformal block of central charge c to ones with
an internal weight hi shifted to hi + rs, for a pair of integers r ≥ 2, s ≥ 1, and at the same
time the central charge c replaced by crs(hi), the central charge value at which a primary of
weight hi would have a null descendant at level rs.
A c-recursion formulae for the torus 2-point block in the OPE channel was given in
equations (4.35) and (4.36) of [19]. Here we simply comment that the formulae of [19]
computes the OPE channel block as a series expansion in q = e2piiτ and v = e−iz−1. For fixed
q, the v expansion a priori converges in the range |v| < 1−|q|. For our numerical integration
of the torus amplitude, it is more useful to pass to the expansion variable z rather than v,
as the z-expansion converges over the range |z| < 2pi (for τ in the fundamental domain F).
An explicit c-recursion formula for the torus 2-point block in the necklace channel is given
in Appendix A, in the form of an expansion in q1 = e
iz and q2 = e
i(2piτ−z). A priori, the
expansion in q1 or q2 has radius of convergence 1. We can extend the convergence range by
passing to a new set of expansion variables,
q̂i = E(qi), i = 1, 2, (4.7)
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where E(x) is the elliptic nome map as defined in (3.23). Now the expansion in q̂1 and
q̂2 converges for |q̂1|, |q̂2| < |E(q−1)|. If we take τ to be in the fundamental domain F ,
|E(q−1)| > 0.3008, the q̂i-expansion converges in particular for |z| > 0.0187.
After integrating the internal Liouville momenta to obtain the torus 2-point function,
we see that the expansion in q and z through the OPE channel block and the expansion in
q̂1 and q̂2 through the necklace channel block together cover entire moduli space with good
convergence property.
4.3 Torus 2-point amplitude at resonance momenta
Similarly to the resonance momenta at which the Liouville sphere correlator reduces to that
of the linear dilaton CFT, as discussed in section 3.1.1, there is a also a set of resonance
momenta for the torus correlator and the corresponding genus one string amplitude. We will
see that the latter simplifies substantially when the energy of the particle ω is analytically
continued to ω = 2i, which allows for an analytic evaluation of the string amplitude at this
energy, and fixes the torus normalization constant CT 2 .
Note that the Liouville vertex operator Vω
2
has conformal weight h = h˜ = 1 + ω
2
4
, which
vanishes at ω → 2i. Thus, one may anticipate that the conformal blocks that contribute to
the Liouville torus 2-point function reduces to the torus character. We will see that this is
indeed the case. Interestingly, the Liouville structure constants vanishes in the ω → 2i limit,
which compensates for a divergence coming from the moduli integral, resulting in a finite
amplitude at ω = 2i.
To proceed, let us consider the Liouville torus 2-point function expressed as an integral
over conformal blocks in the OPE channel (4.2), for complex energy ω with Re(ω2) < 0 where
the z-integral will be manifestly convergent. The structure constant C(ω
2
, ω
2
, P ) appearing in
(4.2) has poles in P at
P = ni± ω, n = ±1,±2,±3, · · · (4.8)
The integrand of (4.2) has other poles in P , but they do not play any role in the following.
As we analytically continue ω away from the real axis, some of the poles (4.8) may cross
the P -integration contour, in which case we must include the residue contributions from
such poles to maintain analyticity of the string amplitude (or equivalently, deforming the
P -contour to avoid the poles). In particular, as we take ω to 2i along the positive imaginary
axis, the pole at P = −i+ω crosses the P -contour (had we chosen to deform the P -contour
instead to avoid the poles, it would be pinched by the pair of poles at P = −i + ω and at
P = 3i−ω). The analytically continued Liouville torus 2-point function can thus be written
as the sum of the residue contribution at P = −i + ω together with the original P -contour
integral as in (4.2).
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Writing ω = 2i(1− ) and taking the → 0+ limit, we find that the contribution to the
string amplitude from the integral over the original real P contour vanishes. This is due to
the fact that C(ω
2
, ω
2
, P ) vanishes like 4 for P > 0, and after the P -integral the Liouville
correlator vanishes like 3. The z-integral, as we will see shortly, introduces a divergent factor
∼ −1, but the contribution to the string amplitude still vanishes like 2.
This leaves the residue at P = −i+ ω = i(1− 2) as the only contribution to the string
amplitude in the ω → 2i limit, which we now compute. The Liouville correlator in the
→ 0+ limit reduces to〈
Vi(1−)(z, z¯)Vi(1−)(0)
〉
Liouville,T 2(τ)
→ (−2i) lim
→0
∫ ∞
0
dP ′
pi
ResP=i(1−2)C(i(1− ), i(1− ), P )C(P ′, P ′, P )
×FOPE(2− 2, 2− 2, 1 + P 2, 1 + P ′2; z, τ)FOPE(2− 2, 2− 2, 1 + P 2, 1 + P ′2; z¯, τ¯)
→ −32
∫ ∞
0
dP ′
pi
|q|2P ′2
|η(τ)|2 = −
8
pi
√
τ2|η(τ)|2 ,
(4.9)
where we used the property that the zero external weight and P → i limit of the torus
2-point conformal block reduces to the torus Virasoro character of a primary of weight
h = h˜ = 1 + P ′2 and central charge c = 25.
The only contribution to the string amplitude that survives the → 0+ limit comes from
the integral over z near the origin, where the torus 2-point function from the time-like free
boson X0 contributes a factor∫
d2z
∣∣∣∣ 2pi∂zθ1(0|τ)θ1
( z
2pi
|τ
)
exp
[
−(Imz)
2
4piτ2
]∣∣∣∣−4(1−2)2
→
∫
d2z
|z|−4+8(Imz)2
piτ2
∼ 1
8τ2
.
(4.10)
Putting this together with (4.9) in (4.1), we find a finite → 0+ limit, giving
g2A(1)1→1
∣∣
ω=2i
= −2piiCT 2g2s
∫
F
d2τ
τ 22
= −2pi
2
3
iCT 2g
2
s , (4.11)
where gs is related to g via (3.8). If we assume this matches with the matrix model result
A(1)1→1 = 124 (iω2 + 2iω4 − ω5) = − i6 at ω = 2i, we would fix the normalization constant
CT 2 = 1. (4.12)
As remarked in the introduction, the ω5 term in A(1)1→1 is determined by the tree amplitude
A(0)1→2 through unitarity. In the next section, we will verify numerically for generic imagi-
nary ω that indeed the full ω-dependence of A(1)1→1 is reproduced from the genus one string
amplitude.
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4.4 Numerical evaluation at generic imaginary momenta
We now evaluate numerically the genus one 1 → 1 amplitude in the domain Re(ω2) < 0,
where the moduli integral is manifestly convergent and no regularization is required. In
order to maintain analyticity in the momenta, we must ensure that while we are taking
the external Liouville momenta (ω
2
in this case) to be complex, no poles in the structure
constants cross the integration contour in the internal Liouville momenta. This is ensured
in both the OPE and necklace channels provided that |Imω| < 1.
The numerical integration is performed by sampling uniformly in the fundamental domain
for (τ, τ¯) with respect to the measure
∫
d2τ/τ 22 , and for each sampling value of (τ, τ¯) we
perform the z-integral over half of the torus, Re(z) ∈ [0, 2pi], Im(z) ∈ [0, piτ2] (note that τ2 >√
3
2
). For a small positive number , we evaluate the torus 2-point function within the disc
|z| < 2pi by integrating the OPE channel conformal block, and outside the disc by integrating
the necklace channel block. Effectively, the expansion parameter in the OPE channel is
, while the expansion parameter in the necklace channel (where the conformal block is
computed as a series in the qˆi variables) is |E(e2pii)/E(q−1)|, with radius of convergence 1 in
both cases. For instance, with the choice  = 0.2, |E(e2pii)/E(q−1)| is bounded from above
by |E(e2pii)/E(e2piepii/6)| ≈ 0.1996, and we can expect to achieve ∼ 10−5 accuracy by going to
level 8 in both channels. In the numerical computation below, the choice  = 0.15 is adopted
(we have numerically verified the agreement of the OPE channel versus the necklace channel
computation of the Liouville 2-point function for |z| = 2pi around this value of ).
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Figure 4: Numerical results for genus one 2-point string amplitude −iA(1)1→1 with purely
imaginary ω = ix, x > 0 (red dots) versus the matrix model result −iA(1)1→1 = 124(−x2 +
2x4 − x5) (blue dashed line).
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To proceed, we take ω to be purely imaginary, and evaluate the Liouville torus 2-point
function as an integral of the relevant Virasoro conformal blocks truncated in their q-
expansions, over a pair of internal Liouville momenta, and then numerically integrate z
over the torus, and finally integrate the torus modulus τ over the fundamental domain. It
suffices to perform the z-integral over the “lower half” of the torus, 0 < Imz < piτ2, where,
for τ taking value in its fundamental domain, good numerical precision is achieved by merely
keeping up to level 1 terms in the qˆ2 expansion and level 4 in the qˆ1 expansion for the necklace
channel conformal block, and level 1 in the q expansion and level 4 in z expansion in the
OPE channel conformal block (for |z| < 2pi).
Our result is shown in Figure 4. The numerical result for A(1)1→1 fits a function of the form
1
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(aiω2 + 2biω4 − cω5) with a = 1.018, b = 1.028, c = 1.0344. This is in reasonably good
agreement with the matrix model result (1.4) which corresponds to a = b = c = 1. The
small discrepancy (up to ∼ 2% in the amplitude) is presumably due to numerical errors in
the evaluation of the above described 6-fold integral, where a number of interpolations are
employed for numerical efficiency. Further details of the numerics are given in Appendix B.
5 Discussion
In this work, we clarified a number of issues regarding the S-matrix in c = 1 string theory
from the worldsheet perspective. The so-called “leg factors” [1, 2] are automatically taken
into account once the Liouville vertex operators are properly delta-function normalized7,
and the (non-)analyticity of the perturbative string amplitudes are elucidated through the
examples of the tree level 4-point amplitude as well as the genus one 2-point amplitude.
The general S-matrix elements of c = 1 string theory is plagued by ambiguities associated
with massless scattering in 1+1 dimensions, but such ambiguities can be tamed by working
with complex momenta and carefully taking the real momentum limit. As we have seen,
the corresponding discontinuities in the S-matrix elements are necessary consequences of
unitarity.
We performed direct numerical integration of the Liouville correlators to obtain the tree
level 1→ 3 string amplitude and the genus one 1→ 1 string amplitude for generic complex
momenta in a suitable range (primarily for convenience in regularizing the moduli integral).
In the former case, excellent agreement with the matrix model result was found, confirming
results previously obtained by analytic continuation from resonance momenta [7, 8]. In the
latter case of the genus one amplitude, a rather difficult 6-fold integration over a pair of
7 The leg-pole factor still appears in the asymptotic wave functional of the Liouville vertex operator. An
interesting spacetime gravitational interpretation has been given to these Liouville phase factors in [31], but
the computations considered in this paper have nothing to add with regard to this point.
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internal Liouville momenta and 4 real moduli is performed, resulting in a reasonably good
agreement with the matrix model answer up to ∼ 2% error. We find this a rather convincing
piece of evidence that the equivalence of the S-matrices on the two sides of the duality extend
beyond tree level.
The simplicity of the matrix model results suggests that an analytic derivation of the
string amplitudes for generic momenta should be possible, and it is somewhat unsatisfy-
ing that thus far we can only compute the latter numerically except at special resonance
momenta. An analytic approach may be possible along the lines of [12, 13, 32]. We also
wish to extend such computations to beyond genus one, where relatively efficient methods of
evaluating Virasoro conformal blocks (and hopefully Liouville correlators) on higher genus
Riemann surfaces are now available [19].
One expects that any large N gauged matrix model should be dual to some sort of
string theory [33]. A simple class of models is the U(N) gauged Hermitian one-matrix
quantum mechanics, which may be described as a fermi droplet in a 2-dimensional phase
space. The c = 1 matrix model is a special case, which may be viewed as the description
of a small part of the phase space near a point on the fermi surface of a very large droplet.
One may consider an infinite parameter family of deformations of the fermi surface as well
as deformations of the matrix model Hamiltonian. These deformations are expected to
be dual to marginal deformations on the worldsheet of the c = 1 string theory, either by
delta-function normalizable vertex operators which corresponds to deforming the background
fermi surface in a time-dependent manner [27], or by non-normalizable “special states” [6,
34] that correspond to deformations of the matrix model Hamiltonian. Presumably, such
deformations can be made exactly marginal and would lead to deformed worldsheet CFTs
in which the time-like free boson and the c = 25 Liouville theory are coupled in a nontrivial
way. Much less is known about these deformed CFTs; the only established example we
are aware of is sine-Liouville theory or its T-dual SL(2,R)/U(1) “cigar” CFT [35–38]. We
hope that progress in the conformal bootstrap of 2D irrational CFTs will lead to a more
precise understanding of the correspondence between general Hermitian one-matrix models
and deformed two-dimensional non-critical string theories.
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A Torus 2-point conformal blocks
In this Appendix we give the explicit c-recursion for torus 2-point Virasoro conformal block in
the necklace channel, following the general prescription of [19]. We write c = 1 + 6(b+ b−1)2,
define
Acrs =
1
2
r∏
m=1−r
s∏
n=1−s
(mb+ nb−1)−1, (m,n) 6= (0, 0), (r, s), (A.1)
as well as the fusion polynomials
P rsc
[
d1
d2
]
=
r−1∏
p=1−r step 2
s−1∏
q=1−s step 2
λ1 + λ2 + pb+ qb
−1
2
λ1 − λ2 + pb+ qb−1
2
, (A.2)
where λi are related to the weights di by di =
1
4
(b + b−1)2 − 1
4
λ2i . For given weight h, the
central charge at which the weight h representation has a level rs null state is
crs(h) = 1 + 6(brs(h) + brs(h)
−1)2, with brs(h)2 =
rs− 1 + 2h+√(r − s)2 + 4(rs− 1)h+ 4h2
1− r2 ,
(A.3)
where r ≥ 2 and s ≥ 1.
The necklace block F is a function of the central charge c, external weights d1, d2, internal
weights h1, h2, and the two cylinder moduli parameters q1 = e
iz, q2 = e
i(2piτ−z). It obeys the
recursion relation
F = Uc +
∑
r≥2,s≥1
[
−∂crs(h1)
∂h1
] qrs1 Acrs(h1)rs P rscrs(h1) [h2d1
]
P rscrs(h1)
[
h2
d2
]
c− crs(h1) F (h1 → h1 + rs, c→ crs(h1))
+
∑
r≥2,s≥1
[
−∂crs(h2)
∂h2
] qrs2 Acrs(h2)rs P rscrs(h2) [h1d1
]
P rscrs(h2)
[
h1
d2
]
c− crs(h2) F (h2 → h2 + rs, c→ crs(h2)),
(A.4)
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from which a series expansion of F in q1 and q2 can be extracted efficiently. The regular
term Uc is given by the product of torus vacuum character with the global SL(2) necklace
block,
Uc =
[ ∞∏
n=2
1
1− qn
] ∞∑
j,k=0
qj1q
k
2
sjk(h1, d1, h2)skj(h2, d2, h1)
j!k!(2h1)j(2h2)k
. (A.5)
Here we have defined
sjk(h1, h2, h3) =
min{j,k}∑
p=0
j!
p!(j − p)!(2h3 + k − 1)
(p)k(p)(h3 + h2 − h1)k−p(h1 + h2 − h3 + p− k)j−p,
(A.6)
where (a)(p) ≡ a(a − 1) · · · (a − p + 1) is the descending Pochhammer symbol, and (a)n ≡
a(a+ 1) · · · (a+ n− 1) is the ascending Pochhammer symbol.
B Further details of the numerics
B.1 On the sphere 4-point amplitude
In numerically evaluating the string tree level 4-point amplitude (3.1), one must be careful
with integration near z = 0 (or z = 1,∞ related by crossing), where the integrand oscillates
rapidly. In practice we deal with this by cutting out a small region Dδ = {|z − 1| <
1, 0 < Re(z) < δ} inside the integration domain D = {|z − 1| < 1, 0 < Re(z) < 1/2}
(as described earlier, the rest of the integral over the complex z-plane can be recovered by
crossing symmetry). Outside Dδ one can numerically integrate reliably. The contribution
from the region Dδ can be obtained by expanding the integrand to leading order in δ and
performing the integral analytically.
For complex momenta in the regime Re((ω−ωi)2) > 0, we must regularize the z-integral
as prescribed in section 3.1.2. The contribution from Dδ becomes increasingly important
near P = 1
2
√
Re((ω − ωi)2), and in fact will account for most of the imaginary part of the
amplitude −iA(0)1→3 = ωω1ω2ω3(1 + iω) when the momenta approach the real axis. As we
approach the “physical regime” where the momenta are close to being real, we must take care
of the P -integral near P = 1
2
√
Re((ω − ωi)2) by sampling sufficiently finely. An example is
shown in Figure 5.
B.2 On the torus 2-point amplitude
The computation of the genus one 2-point string amplitude (4.1) involves a rather daunting
looking 6-fold integral. The integration over a pair of internal Liouville momenta poses
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Figure 5: Contributions to the real (left) and imaginary (right) parts of the amplitude
−iA(0)1→3 from a range of Liouville momentum P , after having already performed the z-
integral in the domain D = {|z − 1| < 1, 0 < Re(z) < 1/2}. In this example we take
ω = 1.4 + i, ω1 = ω2 = ω3 = ω/3, with  = 0.01, and the Virasoro conformal block was
computed up to order 12 in its q expansion.
no difficulty as the integrand (Liouville structure constants multiplied by the torus 2-point
conformal block) is a smooth function in the momenta. It suffices to evaluate the DOZZ
coefficients once for a fixed external energy ω and a sufficiently fine set of internal momenta.
We can perform a number of nontrivial consistency checks on the evaluation of Liou-
ville torus 2-point function, including the agreement of the integrals of OPE channel versus
the necklace channel conformal blocks over internal Liouville momenta, and the modular
covariance of the resulting torus correlator, namely〈
Vω
2
(z
τ
,
z¯
τ¯
)
Vω
2
(0)
〉
Liouville,T 2(− 1
τ
)
= |τ |4+ω2 〈Vω
2
(z, z¯)Vω
2
(0)
〉
Liouville,T 2(τ)
,〈
Vω
2
(z, z¯)Vω
2
(0)
〉
Liouville,T 2(τ+1)
=
〈
Vω
2
(z, z¯)Vω
2
(0)
〉
Liouville,T 2(τ)
.
(B.1)
In these computations, it is important to ensure that the torus 2-point function can be
expressed as a convergent expansion in either the OPE channel or the necklace channel,
making use of the invariance under z → −z and z → z + 2pi, as well as the qˆi parameters
introduced in section 4.2.
There is another highly nontrivial consistency check between the OPE channel and the
necklace channel, that involves analytic continuation in the energy ω of the external vertex
operator. The formulae (4.2) and (4.3) a priori apply to real external Liouville momenta.
As we analytically continue to the strip 0 < Im(ω) < 1, no poles of the integrand cross the
integration contours in P and P ′ (namely, along the real axis) in the OPE channel, or the
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contours in P1 and P2 in the necklace channel. As we continue ω such that Im(ω) exceeds
1, in the regime 1 < Im(ω) < 2 in particular, in the necklace channel still no poles have
crossed the P1, P2 integration contour, but in the OPE channel (4.2) the poles at P = −i+ω
and P = i− ω have crossed the P integration contour. To maintain analyticity, in the OPE
channel computation we must include the integral over the original P -contour as in (4.2),
together with the residue contribution from the pole that has crossed the contour. That is to
say, for 1 < Im(ω) < 2, while (4.3) remains valid, the RHS of (4.2) receives an extra residue
contribution
− 2i
∫ ∞
0
dP ′
pi
ResP→ω−iC(ω
2
,
ω
2
, P )C(P ′, P ′, ω − i)FOPE(1 + ω
2
4
, 1 +
ω2
4
, ω2 − 2iω, 1 + P ′2; z, τ)
×FOPE(1 + ω
2
4
, 1 +
ω2
4
, ω2 − 2iω, 1 + P ′2; z¯, τ¯).
(B.2)
Indeed we have numerically verified that the necklace channel integral (4.3) agrees with the
OPE channel computation taking into account the residue contribution (B.2).
Figure 6: Sample density plot of the integrand
∣∣∣∣θ1 ( z2pi |τ) e− (Imz)24piτ2 ∣∣∣∣ω2 〈Vω2 (z, z¯)Vω2 (0)〉Liouville,T 2(τ)
over the lower half torus, in rectangular coordinates (r1, r2) defined by z = 2pi(r1 + r2τ), in
the case ω = 0.8i and τ = 0.25 + 1.25i. This plot is produced by patching together results
from the OPE channel for |z| < 2pi with  = 0.15, and necklace channel elsewhere.
Now let us turn to the integration over the moduli space. A source of numerical error
is the region of the moduli space where the integrand becomes singular, in particular near
z = 0 (or 2pi), where we must take care to include sufficiently many sampling points. We
will also scale the sampling points accordingly in the large τ2 regime. A typical density plot
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of the moduli space integrand as a function of z for fixed τ is shown in Figure 6. Again we
cut out a small disc of radius δ around z = 0 (or 2pi), and obtain the contribution from this
disc by expanding the integrand in δ and performing the integral analytically.
Figure 7: A sample τ -integrand (with integration measure d2τ/τ 22 ) of the torus 2-point
amplitude over the fundamental domain, after integration in z, in coordinates (τ1, 1/τ2), in
the case ω = 0.8i.
After having performed the z-integral numerically, we have numerically verified the mod-
ular covariance in τ . Finally, to perform the τ -integral over the fundamental domain, a
main source of numerical error is the tail contribution near the cusp τ → i∞. To achieve
reasonable accuracy, we evaluate the z-integral for a set of large τ2 values (where the τ1
dependence is exponentially suppressed), and fit the result to a function in τ2 of the form
a0τ
−2
2 + a1τ
−5/3
2 + a2τ
−3
2 (the leading behavior is given by (4.5)). We then integrate this
fitting function over the large τ2 region of the fundamental domain. A typical plot of the
τ -integrand over the fundamental domain is shown in Figure 7.
For each fixed (imaginary) ω, the integrand of (4.1) over the fundamental domain can be
computed in parallel. The final results are shown in Figure 4.
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